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Here we generalize the results of the work of ref. [10] in modified Chaplygin gas model and 
tachyonic field model. Here we have studied the thermodynamical behaviour and the equation 
of state in terms of volume and temperature for both models. We have used the solution and 
the corresponding equation of state of our previous work [12] for tachyonic field model. We have 
also studied the thermodynamical stability using thermal equation of state for the tachyonic field 
, model and have shown that there is no critical points during thermodynamical expansion. The 

determination of T* due to expansion for the tachyonic field have been discussed by assuming 
^ ' some initial conditions. Here, the thermal quantities have been investigated using some reduced 

, parameters. 

\£) ■ PACS numbers: 

(N 
Or 

Data [1,2] collecting from type la Supernovae explosion suggest that a new kind of matter with positive 
energy density and with negative pressure is one of the main candidate behind the acceleration of the present 

j^jy day universe. This new kind of matter is commonly known as Q-matter or dark energy and very recently 
WMAP data [3] have revealed that Q-matter possesses 70% of the universe. Cosmologists suggest many 

q ■ candidates for the dark energy. Among these the first one is cosmological constant A [4] . But due to low energy 
scale than the normal scale for constant A, the dynamical A was introduced which is known as quintessence [5], 
Again at very early stage of universe the energy scale for varying A is not sufficient. So to avoid this problem, 
known as cosmic coincidence [6], a new field, called tracker field [7] was prescribed. In similar way there are 

Qh< many models [8] in Einstein gravity to best fit the data. At the present epoch, a lot of works has been done to 
solve this quintessence problem and most popular candidates for Q-matter has so far been a scalar field having 
I , a potential which generates a sufficient negative pressure. Various dark energy candidates have been proposed 

^ • such as quintessence mentioned, k-essence, tachyon, phantom, Chaplygin gas, holographic dark energy etc [9], 

<n : 

Here we generalize the results of the work of Myung [10] in modified Chaplygin gas model [11] and tachyonic 
field model [12]. Here we have studied the thermodynamical behaviour and the equation of state in terms of 
volume and temperature for both models. We have used the solution and the corresponding equation of state of 
our previous work [12] for tachyonic field model. Recently Santos et al [13] have studied the thermodynamical 
stability in generalized and modified Chaplygin gas model. We'll study the thermodynamical stability [13] 
using adiabatic and thermal equation of states for the tachyonic field model [12] and investigate the behaviour 
of critical points during thermodynamical expansion. 
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c3 ■ II. STUDY OF THERMODYNAMICS 

The Einstein field equations for homogeneous, isotropic and flat FRW universe are given by 



(1) 



and 



H = --(p + p) 



(2) 
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where H(= |) is the Hubble parameter. The continuity equation is given by 

p + 3H(p + p)=0 (3) 
where p is the isotropic pressure and p is the energy density of the fluid defined by 

«> 

Here, U is the internal energy and V is the volume of the universe. 

We apply the combination of first law and second law of thermodynamics to the system with volume V. Then 
it leads to [10] 

TdS = d{pV)+pdV = d((p + p)V)-Vdp (5) 
The integrability condition of thermodynamic system is given by 



d 2 s d 2 s 



dTdV dVdT 

which leads to the relation between pressure, energy density and temperature as 



From (5) and (7), we get 



T 

Therefore integrating, we get the expression of the entropy as 



or, the temperature can be written as 



(6) 



d P = P -^dT (7) 



dS = d i i^ir i (8 ) 



(9) 



In the next two sections, we consider two dark energy models: (i) Modified Chaplygin gas and (ii) Tachyonic 
field and we study the thermodynamical behaviours for these models. 



III. MODEL I : MODIFIED CHAPLYGIN GAS 

We start with an exotic fluid, named Modified Chaplygin Gas which obeys the following adiabatic equation 
of state [11] 



P = Ap - — 



(11) 
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and A > 0, B > and < a < 1. 

Solving the equations (3) and (11), we get the expression of the density as 



p(a) = 

where C(> 0) is a constant of integration. 



B C 

+ 



l + A a 3(l+A)(l+a 



(12) 



Since V is the volume, so we have V — a 3 and from equations (12) and (11), we get the expressions of the 
density and the pressure in terms of volume V as 

= (iTa + ya+Sa+J " Q (13) 



and 



AC 



p(V) = yu+ ° K1+A) (14) 

( -B_ , C \ 1+ ° 

^ l+A ^ y(i+c)(i+A) J 

Furthermore, the equation of the state w(V) for modified Chaplygin gas is given by 



AC _ B 

W (V) = -= g— c — (15) 

" l+A + 



and the square speed of sound is given by 



2 _ dp A B ( B , C 



"^ = 4 ^liTi + iwJ (16) 

and consequently, considering equations (10), (13) and (14) we get the expression of temperature as 

T(V) = il + A)C + °- 1 ^ (17) 

Since volume V lies between and oo. So we see that the temperature T — >• oo as V — > and T — > as 
V — > oo, so the third law of thermodynamics is satisfied for modified Chaplygin gas model. 

From the integrability condition and using (7) and (11), we have 

Ap^+Ba dT 

dp=^r (18) 



{A + l)p 2+a -Bp K T 
Solving we get, 

A + a(l + A) a A + a(l + A) 

B \ <i+^)(i+<») T / R\ (i+A)(i+c) / 1 \ (i+A)(i+ Q ) 

) '--5-U) (19) 

which is a relation between p and T and T* is the integration constant. 
Again, using w = 2 and (11), the equation (19) gives 
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A + a(l + A) a A A + a(l + A) 

B B \ / B \ 1+a T / i \ (i+A)(i+c) 



(20) 



A-w i + Ay V^-W t*V^/ vi + ^4 

which is a relation between u> and T provided w ^ A. 
Finally the heat capacity can be calculated in terms of V and T Tas 



5T 7> V(^ + l)p 1+a - T \ B J V ! + w 

where, w is related with temperature T governed by the equation (20). 

For simplicity, we take a — 1 in the equation of state (11), i.e., 

p = Ap - - (22) 
P 

Solving the quadratic equation in p and inserting the value in (7) we get a quadratic equation of p which is 

(l + A)pi-^ r (l + 2A)p+[^^-B) =0 (23) 
Solving the above equation and considering only the negative sign, we obtain 



^ _ ST(1 + 2A) - ^S 2 T 2 + 45(1 + A)V 2 

pV ~ 2(TTa) 

For adiabatic process, we know that the entropy S = constant. So in the case, taking S — 2, (24) gives the 
simpler form 

_ T{l + 2A)-^T 2 + B{l + A)V 2 

pV ~ (TTa) (25j 

On the other hand, we have the quadratic equation for energy density p (taking a = 1) 

(1 + A)Vp 2 - STp- BV = (26) 



whose solution leads to 

ST 



pV 



^—-^JS 2 T 2 + 45(1 + A)V 2 (27) 



2(1 + A) 2(1 + A) 
For the case 5* = 2, it also reduces to the simpler form 

P V = ^-j (t + y/T* + B(l + A)V*) (28) 
Now dividing (24) by (27) leads to the equation of state for modified Chaplygin gas as functions of T and V: 

^ T - v > = A -7mn (29) 

Now from equations (24) and (27), we get 

W P ~ * {i+A)v ~ 00 anc ^ P ~^ (i+ S A)v = ~ 00 as ^ ® P rov ided A ^ 0. 

(ii) p —> and p — > — ^/ j^j = — p as V — > oo i.e., the fluid becomes a cosmological constant. 
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IV. MODEL II : TACHYONIC FIELD 

The energy density p and the pressure p of the tachyonic field are [12], 

V(<f>) 



P = 



and 



(30) 



(31) 



where <j> is the tachyonic field and V{4>) is the corresponding potential. Now take a simple form of V = 
f 1 — 4> 2 J , (to > 0) as described in the ref. [12], so the solution of V becomes 



V = 



1 + 



v* \ ~ 



(32) 



where V* is a positive constant. Now using equations (1), (2) and (30-32), we obtain the adiabatic equation 
of the state for the tachyonic field (due to this particular solution) as 



2m-l 
, = _n2 m +l 



P= -P 2 

We derive the energy density equation from (30) as 



(33) 



p(o) = 



1 + 



(34) 



A. Adiabatic equation of state for tachyonic field 

Now from equations (33) and (34), we obtain the energy density and pressure in terms of volume V as 



y* ^ 
~V 



(35) 



and 



P=~ 



y* \ 2m + l 



(36) 



2m -1 

For small V, wc find p « -y- and p « — (^y-^j + which is negatively very large if m > ^ and nearly equal 

2 2 

to if m < \. Also for large V, we see that p » 1 + (^) 2m+1 and p » -1 - 2^=1 2m_1 . 

Furthermore the equation of state w{V) = p/p and square speed of sound v 2 (V) are given by 



w(V) 



(37) 



G 



and 



v\V) = 



2m - 1 



2m 



(2m - 1 



+ 1/ i _|_ (XI) 2^fi \2m+l 



iu(V) 



(38) 



From Equation (36), we have 



dp 



2m — 1\ p / V 



2m + 1 / y V V 



(39) 



Since Tachyonic field propagated between dust and ACDM, so pressure p must be negative and m must be 
satisfied < m < i. Therefore from (39) we must have [14] 



(40) 



i.e., pressure is reduced through the adiabatic expansion. So the tachyonic fluid along its evolution is ther- 
modynamically stable. But this condition is not enough for stability of thermodynamics. It is also necessary to 
determine if the pressure reduces or remains constant as the fluid expands at constant temperature T, in the 
same region where eq. (39) is negative [14]. Thus, one must also verify if 



dp 
dV 



and the thermal capacity of the constant volume [32] , 



< 



C v > 



(41) 



(42) 



then the tachyonic fluid along its evolution is fully thermodynamically stable. These will be discussed in the 
following subsection. 



B. Thermal equation of state for tachyonic field 

The equation of state for the tachyonic field is considered in equation (33) and the energy density for tachyonic 
field is considered in equation (4). From general thermodynamics, we write [13, 14] 



dU 



<)v). 



(43) 



From (4), (33) and (43), we obtain 



dU_ 

dV 



(44) 



whose solution is given by 



U = V 



y* \ 27^+1 



(45) 



Here, V* may be considered as a function of entropy S or a universal constant. From general thermodynamics 
[14], the temperature T of the tachyonic field can be determined from the following equation: 
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(46) 



If y* is chosen as a universal constant then = 0. In such conditions, the temperature will be zero for 
any value of the volume or pressure of the gas. Thus, the isotherm T = is simultaneously an isentropic 
curve (adiabatic) at S — constant and this violates the third law of thermodynamics. Therefore, to discuss 
extensively the thermodynamic stability of the tachyonic field, it is necessary to assume that the condition is 
not satisfied. 

If V 3> V * , that is V is very large, then (46) reduces to 



7 - | M ^1 

1 ~ V* dS 



(47) 



Since T > for adiabatic expansion, so from (47), we must have > 0. Now from (45), we see that the 
dimension of V* is same as the dimension of U. So, we may write V* as [13] V* = T*S, where T* is some 
constant related to the temperature. So T» = Now, from (46), we obtain, 



T = T« m+1 S~ 



(48) 



By solving (48), we obtain the expression of entropy S as 



S = 



V 



- i 



(49) 



Since in our tachyonic field model, m < \ and entropy S is always positive. So from above result, we can 
conclude that < T < T*. 



From equations (7) and (33), we get 



dp 



i \ 2m+1 

p - (_p) 2 m-l 



dT 
~T 



(50) 



and after integration we obtain the expression pressure in terms of temperature as 



and using eq. (33), we obtain the expression for density as 



(51) 



-IT 



(52) 



and hence the equation of state is obtained as 



(53) 
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From the above expression, we see that p — > 1 and p ^ -1 as T -> and p — > oo and p — > as T — »■ T* for 
m < ^ which is expected in our model. So T* defines the temperature of dust and zero temperature occurs 

at ACDM stage.. We also see that, p depends only on T for any volume V. So we have — 0- Thus 

the second condition of the stability of thermodynamics is always satisfied. It is also interesting that the all 
derivatives of p with respect to T become zero for any volume V. Thus there is no critical points during the 
thermodynamical expansion. 



Now the thermal capacity of the constant volume [14] can be calculated as 



C v 



dS_ 

dT 



2m + 1 V 
2m - 1 T\ 



(54) 



Since < m < \ and < T < T#, so (54) shows that Cy > in the tachyonic field model. So the third 
condition of stability is always satisfied. So we may conclude that tachyonic field has a thcrmodynamically 
stable behaviour throughout the expansion. 



C. Determination of temperature 

Now we have to determine the temperature due to expansion for the tachyonic field. For this this purpose, 
let us assume the initial conditions: p = p , p = p , V = Vq and T = T . So from equations (33) and (35), we 
obtain 



V* = V [ pt +1 - 1 



(55) 



and 



Po = -Pt +1 



(56) 



Equations (35), (36) and (55), we obtain the energy density p and pressure p as a function of the volume V : 



1 M'tf" '-'My 



(57) 



and 



Vn\ — 



(58) 



Now define some reduced parameters, like 



p p 
e = — , V = — , 7 = 

Po Po „2^+T 

Po 



V _ T T 

2 i v ~ TT i T ~ TFT j T * — TFT 



V 



(59) 



Equation (58) can be written as 



P = - 



1-1- 



(60) 
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Therefore, using (59), the equations (57) and (58) become, 

2m + l 

(61) 



and 

2771-1 

(62) 



Also from (59), (61) and (62), we see that at p = po, p = p , V — Vb, T = T : 

e = 1, rj = l, t = 1, v = 1, po = - r f~^ SL , r* = -f~^ (63) 

For example, the maximum temperature of the fluid as T» = 10 32 K, the temperature of the Planck era, and 
the temperature of the tachyonic fluid at the present epoch, To = 2.7K [13], then we obtain the value of 7 as 
j « 101^2^:. jf we choose m = 1/3, we get 7 « 10 192 . 



V. DISCUSSIONS 

In this work, we have considered the general thermodynamical description for dark energy - modified 
Chaplygin gas and tachyonic field models in flat FRW universe. The thermal quantities i.e., pressure, density 
etc. have been described in cither functions of volume or temperature. For adiabatic case with a = 1, 
the thermal equation of state have been found and modified Chaplygin gas cools down during expansion 
of the universe. For tachyonic field model we have use the solution of our previous work [12] and find the 
corresponding equation of state. For tachyonic field model, we have used the adiabatic and thermal equation 
of state [13]. For adiabatic equation of state, we find the thermal quantities in terms of volume V and also 
for thermal equation of state, the thermal quantities have been found in terms of temperature T. In both 
modified Chaplygin gas and tachyonic field models, the dark energy temperature decreases from T* to zero 
for the expansion of the universe. The entropy S has been calculated in terms of T. It has been found 
that there is no critical points for these dark energy models. For thermal equation of state, we show that 
pressure p depends on T for any volume V. The heat capacity and speed of sound have been found in terms 

of volume V and temperature T. Here, we have shown that (^7) < 0, (^§y^J = and Cy > 0. So from 

these conditions, we conclude that tachyonic field has a thermodynamically stable behaviour throughout the 
expansion. The determination of T* due to expansion for the tachyonic field have been discussed by assum- 
ing some initial conditions. Here, the thermal quantities have been investigated using some reduced parameters. 
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